A new finite element model is developed and subsequently used for transverse vibrations of tapered Timoshenko beams with rectangular cross-section. The displacement functions of the finite element are derived from the coupled displacement field (the polynomial coefficients of transverse displacement and cross-sectional rotation are coupled through consideration of the differential equations of equilibrium) approach by considering the tapering functions of breadth and depth of the beam. This procedure reduces the number of nodal variables. The new model can also be used for uniform beams. The stiffness and mass matrices of the finite element model are expressed by using the energy equations. To confirm the accuracy, efficiency, and versatility of the new model, a semi-symbolic computer program in MATLAB is developed. As illustrative examples, the bending natural frequencies of non-rotating/rotating uniform and tapered Timoshenko beams are obtained and compared with previously published results and the results obtained from the finite element models of solids created in ABAQUS. Excellent agreement is found between the results of new finite element model and the other results.
Introduction
It is well known that when the beams are stubby or when the higher modes are of interest in bending vibrations, Timoshenko beam theory is employed. The effects of shear deformation and rotary inertia are taken into account in this theory which is expressed by two coupled partial differential equations. For free vibration of uniform beams, the coupled equations can be reduced to one single equation since the coefficients appeared in this set of equations are constants. However, for tapered beams, the aforementioned coefficients are variables. On the other hand, consideration of the rotational effects on the beam vibrations causes addition of a term with variable coefficient in those equations. Due to the variable coefficients, it is in general difficult to obtain exact solutions of vibration problems of rotating Timoshenko beams with varying cross-section. Therefore, selecting a number of cross-section variation functions, the problem has been solved mainly by numerical or approximate methods. A carefully selected sample of the relevant literature is as follows:
Exact solution for the vibration of simply supported uniform Timoshenko beam can be found in some textbooks on vibration such as reference [9] . Huang [7] presented frequency and normal mode equations for flexural vibrations of uniform Timoshenko beams with six common boundary conditions. Davis et al. [4] derived a Timoshenko beam finite element model having two nodes of two degrees of freedoms consisting of transverse displacement and cross-sectional rotation by solving the static equilibrium equations of an infinitesimal unloaded element. Dawe [5] presented a three-noded Timoshenko beam element based on the coupled displacement field; the lateral deflection function is linked to the cross-sectional rotation function by satisfying the unloaded and homogeneous form of the coupled differential equations. Nodal freedoms of the latter are the same as the first. Alternatively, Thomas et al. [19] presented a Timoshenko beam element having six degrees of freedom, comprising the transverse displacement, the cross-sectional rotation, and the shear deformation at the element ends. In order to analyze the in-plane (lead-lag) and out-of-plane (flapping) vibration characteristics of the rotating uniform Timoshenko beams, Yokoyama [22] developed a two-noded finite element model by means of a statical moment-shear equilibrium condition and the relation between cross-sectional rotation and shear deformation; the nodal freedoms are the transverse displacement assumed as a cubic displacement distribution and the cross-sectional rotation.
A number of papers for vibration analysis of tapered Timoshenko beams by finite element method have been published. To [20] used the finite element model given by Thomas et al. [19] for vibration analysis of a linearly tapered Timoshenko beam. Bazoune and Khulief [1] referred to Yokoyama [22] and Przemieniecki [17] for elemental shape functions in their study on vibration of rotating linearly tapered Timoshenko beams. Likewise, Mulmule et al. [14] employed the shape function given by Yokoyama [22] for flexural vibration of rotating linearly tapered Timoshenko beams. Rao and Gupta [18] derived the element mass and stiffness matrices for a rotating twisted and tapered Timoshenko beam element by considering bending deflection, shear deflection, bending slope, and shear slope as nodal freedoms. The displacements functions for bending and shear are assumed to be polynomials of third degree. However, cross-sectional tapering functions are not taken into account in the derivation of the finite element displacement or shape functions used in the aforementioned models, while they are considered as geometrical properties in energy integrals. Cleghorn and Tabarrok [3] developed a two-noded finite element formulation for a tapered Timoshenko beam for free lateral vibration analysis. In their model, the shape functions are obtained from the homogeneous solution of the governing equations for static deflection. They judged that the inclusion of the shear strain in nodal variables as in model used by To [20] is superfluous, and then selected the lateral displacement and rotation of cross-section as the nodal variables. One of the drawbacks of this model is the tapering function based on the cross-sectional area. Another one is the removable singularity for the case of a uniform beam. For the latter, Cleghorn and Tabarrok [3] used the modifications by replacing the logarithmic terms with Taylor series in powers of singularity parameter. However, in general, the variation of the cross sections of the beams is defined by using their breadth and/or depth not by cross-sectional area. On the other hand, the usage of series expansions can cause to lose the accuracy of the results.
The vibration problems of tapered Timoshenko beams have been also studied by other methods such as the modified differential quadrature method [2] , the dynamic discretization technique [6] , the spline interpolation technique [10] , the transfer matrix method [11] , and the method of Frobenius [12] . Among these studies, Lee and Lin [12] shown that if the coefficient of the reduced differential equation are in polynomial form, then the exact fundamental solutions can be obtained.
From the foregoing discussion on the finite element formulation, it is apparent that there is no available shape functions incorporated with the taper parameter(s) based on the breadth and/or depth of the cross-section of the tapered beam. Therefore, the main purpose of this paper is to propose the novel finite element model based on the coupled displacement field incorporating the taper functions of breadth and depth of the rectangular cross-sectioned Timoshenko beams. The new finite element model derived in this study has exact stiffness matrix, but approximate mass matrix due to the usage of static equilibrium condition as in references [4, 5] . It is clear that the usage of the approximate mass matrix requires an increase in the number of elements required for a desired accuracy. However, this is amply compensated by the simplicity of the mathematical analysis it provides [16] . Finally, the new model is verified for out-of-plane vibration of non-rotating/rotating uniform and tapered Timoshenko beams by comparisons of the results obtained from the semi-symbolic code of the present model developed in MATLAB with the results available in the literature and results obtained from the solid models in ABAQUS, respectively. The all results are given in tabular form to show the accuracy of the present new model clearly.
Derivation of the finite element displacement functions
The coupled partial differential equations of motion for a Timoshenko beam with variable cross-section are given in references [15, 16] . The homogeneous form of these equations are written as follows:
where
The notation used throughout this paper is listed in the Appendix. Equation (2) gives a constant shear force along the length of the beam. Hence, considering this constant shear force in Eq. (1), bending moment is obtained by integration as
By substituting Eq. (5) into Eq. (3), and integrating, the cross-sectional rotation is expressed as
Then, substituting Eq. (6) along with Eqs (3) and (4) into Eq. (1), and integrating yields
Now, the rotating tapered Timoshenko beam shown in Fig. 1 is considered to indicate the cross-sectional parameters. The breadth and depth of the beam are selected as follows: Also, the area moment of inertia of the cross-section about x axis can be expressed as
c /12 and p = m + 3n. Substituting Eq. (11) into Eq. (6), and integrating yields
Also, substituting Eqs (10)- (12) into Eq. (7), and integrating yields
It is convenient to express the relationships between the coefficients of the cross-sectional rotation and of the transverse displacement in the matrix form:
The [B] matrix is termed as polynomial coefficients coupling matrix. On the other hand, the cross-sectional rotation given in Eq. (12) may be written as follows:
Also, the transverse displacement given in Eq. (13) may be expressed as follows:
Now, the finite element model of a rotating tapered Timoshenko beam shown in Fig. 2 is considered. Nodal freedoms of the new finite element are the transverse displacement and the cross-sectional rotation. Therefore, the element displacement vector is given by
Then, by using Eqs (12)-(15), the element displacement vector can be expressed in terms of the polynomial coefficient vector of transverse displacement as follows: [
in which the matrix [C] is termed as "element displacement-polynomial coefficient matrix". Finally, Eq. (20) can be expressed by using Eqs (16) and (25) as
and also, Eq. (22) can be expressed by using Eq. (25) as
Derivation of the finite element mass and stiffness matrices
The elastic potential energy of the tapered Timoshenko beam is given in references [15, 16] by
By substituting Eqs (10), (11), (27), and (28) into Eq. (29) gives
in which
The symbol " " used throughout this paper represents differentiation with respect to z. The geometric strain energy due to centrifugal force is written as follows [15] :
Similarly, by substituting Eq. (34) along with Eqs (10) and (28) into Eq. (33) leads to
Finally, the kinetic energy of the tapered Timoshenko beam is expressed as follows [15, 16] :
Similarly, by substituting Eqs (10), (11), (27), and (28) into Eq. (38) yields
where the overdot is the compact notation for differentiation with respect to time, and [M e ] is
Dynamic equilibrium equation and Solution technique
In order to obtain the natural frequencies for out-of-plane vibration of non-rotating/rotating uniform and tapered Timoshenko beams, the dynamic equilibrium equation is reduced to eigenvalue problem given below,
Element elastic stiffness, geometric stiffness, and mass matrices given in Eqs (31), (36), and (40), respectively, are used directly in the semi-symbolic computer program developed in MATLAB for this study. To form the global matrices, calculated element matrices are assembled in the usual way, and then boundary conditions are applied as clamped at z r -free. The eigenvalue problem given in Eq. (42) is then solved.
Numerical results and discussion
The accuracy, efficiency, and versatility of the new finite element model are verified by the several examples of the Timoshenko beam vibration problem. The first group of examples to be considered is the case of free vibration of non-rotating uniform Timoshenko beams. Solutions of the aforementioned problem by using a proper number of elements are obtained to demonstrate the convergence pattern, compared with the exact results found from the frequency equation given by Huang [7] , and Huang and Kung [8] , and then presented in Tables 1 and 2 for r g /L = 0.05 and r g /L = 0.1, respectively. The present finite element solutions with 14 elements for r g /L = 0.05 and 16 elements for r g /L = 0.1 are converged to the exact solutions for the fourth frequency parameters with less than 1% error (% Error = 100*[Present/Exact-1] ). Furthermore, % errors of the present solutions for the first frequency parameters given in Tables 1 and 2 are extremely small. The second group of examples deals with the out-of-plane vibration of the rotating uniform Timoshenko beams. In Tables 3 and 4 , the present frequency parameters of rotating Timoshenko beams obtained by using 16 elements are compared with the results given by Wang et al. [21] , Yokoyama [22] , and Lee and Lin [13] . Among these studies, while Wang et al. [21] used the extended Galerkin's method, Lee and Lin [13] utilized the power series method.
The last group of examples is employed to evaluate the present finite element models for the cases of non-rotating and rotating tapered Timoshenko beams. The two tapered beam models based on the physical and geometrical parameters given in Table 5 and 6 are considered. The out-of-plane natural frequencies of these beams are found from the present finite element models by using 16 elements and from the solid finite element models created in ABAQUS by using 390 hexahedral elements for reasonable rotational speeds based on the normal stress due to the centrifugal force. The out-of-plane frequency parameters for rotating tapered Timoshenko beams obtained from the Table 6 Comparison of frequency parameters for non-rotating/rotating ta- present finite element models and those produced by ABAQUS are compared in Tabls 5 and 6. It is evident that the results presented in Table 5 and 6 are very consistent.
Conclusion
A finite element model based on the coupled displacement field has been developed for the vibration analysis of rotating tapered Timoshenko beams. Moreover, the taper functions of breadth and depth of the cross-section of the beam have been taken into account in derivation of the displacement functions of the finite element model for the first time. The convergency, accuracy, efficiency, and versatility of the new model have been examined for the possible cases. The convergence of the present model results is very rapid. Furthermore, the present results are in excellent agreement with the exact results found by using frequency equation for uniform beams, with the results available in the literature found by extended Galerkin's method, finite element method, and power series expansion for rotating uniform beams, and finally with the results produced by ABAQUS for the general case.
Appendix: Notation
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